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Abstract. This paper describes a method for temporal super resolution
from a single quasi-periodic image sequence. A so-called reconstruction-
based method is applied to construct a one period image sequence with
high frame-rate based on phase registration data in sub-frame order
among multiple periods of the image sequence. First, the periodic image
sequence to be reconstructed is expressed as a manifold in the paramet-
ric eigenspace of the phase. Given an input image sequence, phase regis-
tration and manifold reconstruction are alternately executed iteratively
within an energy minimization framework that considers data fitness
and the smoothness of both the manifold and the phase evolution. The
energy minimization problem is solved through three-step coarse-to-fine
procedures to avoid local minima. The experiments using both simulated
and real data confirm the realization of temporal super resolution from
a single image sequence.

1 Introduction

Image super resolution [1] is one of the fundamental image processing techniques
for increasing spatial resolution. Methods for super resolution fall mainly into
two categories: (1) reconstruction-based methods (RBM) using multiple images
registered at sub-pixelorder [2] [3] [4], and (2) example-based methods using
correspondence between low and high resolution image patches from training sets
[5] [6] [7]. Furthermore, Glasner et al. [8] proposed a sophisticated framework,
combining the two approaches by using the patch recurrence within and across
scales of a single image. Most of the existing methods, however, are applicable
to static scenes only.

Several methods deal with dynamic scenes in the context of near-real-time
super resolution [9], taking advantage of hot-air optical turbulence [10] and image
super resolution in the presence of motion debluring [11] [12]. Nevertheless, these
methods still focus on spatial super resolution, and fail to address temporal super
resolution.

Contrary to the above methods, Shechtman et al. [13] proposed a space-time
super resolution by combining information from multiple low-resolution video
sequences of the same dynamic scene. This method falls into the so-called RBMs
and hence, requires multiple video cameras to obtain multiple image sequences.
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Inspired by the effective use of patch recurrence [8], it is noticeable that tem-
poral recurrence in a single sequence can be used for temporal super resolution.
In particular, given a periodic image sequence, multiple periods of subsequences
with sub-frame order phase displacement can be used for the temporal super
resolution. If a sequence can be segmented into period-based subsequences com-
posed of more than a few frames, a spatio-temporal sequence registration [14]
method is applicable. On the contrary, in cases where each subsequence contains
only a few frames or a single frame, period segmentation and the spatio-temporal
sequence registration may be error prone, since the method discards useful cues
of inter-period phase continuity. Moreover, if the period fluctuates due to a
non-uniform sampling rate or to target motion fluctuation appearing in human
periodic actions (e.g., gait), phase registration becomes much more difficult.

Therefore, we propose a method to reconstruct a one period image sequence
at a high frame-rate from a single low frame-rate quasi-periodic image sequence.
Instead of segmenting the whole sequence into multiple subsequences, we solve
the phase assignment problem for the whole sequence of frames to take advan-
tage of the inter-period phase continuity. Then, a one period image sequence
is expressed as a manifold in phase-parametric eigenspace and the manifold is
reconstructed based on the registered phase information. These two processes
are repeated in an energy minimization framework by taking into consideration
the following three aspects: (1) data fitness, (2) smoothness of the manifold, and
(3) smoothness of the phase evolution.

2 Related work

Temporal interpolation: In addition to spatial interpolation, temporal inter-
polation has been developed for video editing (e.g., retiming [15]) and video
compression based on motion compensation methods [16]. In particular, mor-
phingapproaches [17] [18] based on optical flow [19] are regarded as some of
the most promising methods for temporal interpolation, with these ideas having
been extended to view and time interpolation [20] and spatio-temporal interpo-
lation from two sequences, one with high resolution and low frame rate and the
other with low resolution and high frame rate [21]. Temporal interpolation does
not, however, work well in cases where motion between two frames is relatively
large, in other words, where the sampling interval is relatively long in fairly low
frame-rate video.

Geometric fitting: Our manifold reconstruction step is similar to the fitting of
geometric primitives, such as lines, ellipses, or conics [22], [23], in terms of pa-
rameter estimation from a series of sampling points. In geometric fitting, global
parameters are used for the primitive representation (e.g., 5 parameters for an
ellipse) and sampling points are treated independently. On the other hand, piece-
wise local parameters are used for manifold representation and sampling points
are dependent on each other due to the phase evolution smoothness as described
in the following sections.
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3 Problem setting

3.1 Assumptions

Several assumptions are used in this paper to allow us to focus only on temporal
super resolution based on a phase registration framework. The first assumption
is that an image sequence is spatially registered in advance. This assumption
is basically true in several scenes, such as those with periodic sign language
such as a waving hand, periodic actions at the same position such as jumping
jacks or walking on a treadmill, or a rotating object such as a fan. Even in
other scenes with periodic actions such as walking, skipping, and running on the
ground, spatial registration is possible once the target object has been accurately
tracked to some extent.

A further assumption is that motion blurs are negligible. Although this as-
sumption may not be true in scenes with fast moving objects, there are still
several possible situations in which low frame-rate image sequences with less
motion blur are stored. For example, consider the situation where a CCTV cam-
era captures a person walking on the street. In this case, the image sequence is
often stored at a low frame-rate due to limited communication band width or
storage size, and besides motion blur is not significant since walking motion is
relatively slow compared with normal shutter speeds. Therefore, gait recognition
in low frame-rate video is one of the typical applications of the proposed method.

3.2 Quasi-periodic image sequence

Next, we define a quasi-periodic image sequence. An image drawn from the
periodic image sequence at time ¢ is denoted by the vector-form «(t), which
satisfies

z(t+ P) = x(t) Vt, (1)

where P is a period. Then, two non-dimensional time parameters, phase s and
relative phase s, are introduced as

5= sp(t) = )
§=s—[s], (3)

where sp is a phase evolution function and || is a floor function. Now, the
periodic image sequence is represented in the phase domain as

s(s) = x(sp' (5))- (4)

Note that the periodic image sequence constructs a manifold with respect to the
relative phase § € [0,1] and which satisfies (1) = x4(0).

On the other hand, an input image sequence is composed of N discretely
observed images X = {zi"}(i = 0,..., N — 1). In cases where the scene is
completely periodic and where the frame-rate f is completely constant during

ol =
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the input image sequence, the input image sequence X ", time sequence t = {t;},
and phase sequence sp = {sp;} are denoted as

x" = x(tp;) = Ts(spi) (5)
m=m+% (6)
SP,iZSP(ti):SO'f'fLP- (7)

This assumption is, however, often violated due to fluctuations in the frame-
rate or in the timing of the periodic motion. Hence, the input image sequence is
degraded to a quasi-periodic image sequence X ¢y = {5’531} defined as

2G5 = 2s(5Q.) (®)
SQ,i =8; + ASi, (9)

where sg = {sg,:} is a quasi-periodic phase sequence.

In summary, the problem setting can be stated as a simultaneous estima-
tion problem of a periodic manifold s and a phase sequence sg from an input
quasi-periodic image sequence X gl Analogous to the spatial super resolution
case, note that the phase sequence estimation process and periodic manifold
estimation correspond to an image registration process and super-resolution
process, respectively. In addition, the problem setting falls into the so-called
reconstruction-based methods using multiple observations, although a single se-
quence is used in this problem setting. This is because multiple periods in the
single sequence serve as multiple observations.

3.3 Manifold representation

The periodic manifold x4 is represented by a parametric eigenspace method [24].
This is motivated by the property of the parametric eigenspace method that a
phase for an input image can be estimated by projection to the manifold, which
plays quite a significant role in the phase registration stage. More specifically, we
use a cubic N-spline function parameterized by the phase in the eigenspace. Let
us consider NP control points {y¥'} in the M dimensional eigenspace accom-
panied by corresponding phases {s}’(= j/N?)}, (j = 0,..., N — 1). Next,
a spline parameter vector for a k power-term coefficient at the jth interval

5", 555 1] is denoted as a7} € RM and subsequently, a submatrix A" at the jth

J i+l
interval and a total spline matrix A*" are defined as A" = [a}f,...,a5]" €

R¥>*M and AP = [ASPT, . Aff;cp_lT]T € R*NTXM regpectively. Then, an in-
terpolated point §(§) in the eigenspace for a relative phase § at the jth interval
is expressed as

§(3) = A w(3) (10)

w(3) =[0,...,0,1,w,w? w*0,...,07 (11)
5 sjp cp = cp

W= (si" <8< shy) (12)
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where w(3) is an interpolation coefficient vector whose components from 4;5 to
(47 + 3) are [1, w, w?, w?], and w is the interpolation ratio between the control
points.

On the other hand, the relation between a control points matrix Y¥ =
lye?, ..., yFer 17 and a spline parameter matrix AP is derived from the C2-
continuous boundary conditions as

CA®P = DY P (13)
CiCy O -] 1000 00 00
o {1111 |00 00
Cy O - (1] 0026 00 —20
Dy Dy O -] 1 0
o _ |0 1
D= P aDl_ 0 7D2_ 0 (15)
Dy O --- Dy | 0 0

Hence, the spline parameter matrix AP is linearly solved as AP = C~1DY P
given the control points Y°P. This also indicates that interpolation §(§) for a
relative phase § is obtained by Egs. (10) and (15) once the control points Y
have been given. Then, the reconstruction problem of the periodic manifold
xs(s;YP) can be replaced by an estimation problem of the control points Y P
as discussed in the following sections.

4 Energy minimization framework

4.1 Energy function

Similar to the spatial super resolution case, we adopt an energy minimization
approach. First, suppose that an input quasi-periodic image sequence in the
eigenspace is expressed as Yg; = {yg‘l} and recall that the accompanying phase
sequence sg = {sq;} is unknown. Subsequently the interpolation coefficient
vector for the ith phase sq ; is defined as w(sg,;), in the same way as Eq. (11),
and then projection onto the periodic manifold by the ith phase sg ; is

Y (Y, sq.4) = AP w(sq.) = YPT (C7ID) Tw(sg.). (16)

The energy function is constructed by considering the following three as-
pects: (1) data fitness between the interpolation §(Y P, sq ;) and the input y¢;,,
(2) smoothness of the periodic manifold ys(s;Y?) in the eigenspace, and (3)
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smoothness of the phase evolution sg. The actual form of the function is

Nir—1
C; 1 C; — in
E(Y?, sq) = Nin Z Y pT(O 1D)T'w(3Q,z‘) - yQ,i||2
i=0
L[| s YD)
Am —— || d
FAm e /O ds? °
1 Nim—1 1\2
+/\SW Z <5Q,i+1 —8Q,i — P’) ; (17)
i=1

where the first, second, and third terms are the data term, and the smoothness
terms for the periodic manifold and the phase evolution, respectively, and P’ is a
global period in the frame domain, which is defined as the product of the frame-
rate f and period P in the time domain, that is, P’ = fP. Since the integration
in the second term is calculated in advance with respect to the domain of the
interpolation ratio w for each interval, it is rearranged as a quadratic form of
Y°P as

1 d? J(s:Y°eP 2
/ SY5 2 7) C(;; N s = vt (c'D)'B(CT1D)Y*P (18)
O S
Bawy -~ O 000 0
S 0000
B = : AR s Bsub = 004 6 (19)
O - Boup 00612

We can see that the objective function E(Y P, sg) is a quadratic form with re-
spect to the manifold control points Y°? and therefore, that a linear solution of
the manifold control points Y is provided under the fixed phase sg. On the
other hand, the phase s¢ is a complex form, since the spline curves are switched
piecewise based on phase sg and the interpolation ratio w appears as a sixth-
order polynomial in the data term. To solve this highly nonlinear optimization
problem, three-step coarse-to-fine solutions are provided in the following sec-
tions.

4.2 Solution by linear approximation

In the first step, the phase sequence sg is limited to a completely periodic
domain, that is, linear phase evolution sp. Because the initial phase sg is not
significant in this problem setting, it is set to zero without loss of generality.
Hence, the objective function in the first step is rewritten as

Einit(P) = E(YS", sp) (20)
YiP = argr}r/linE(YCp,SP) (21)
Spi = L (22)

fP
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Note that manifold control points Y for each hypothesis of period P are linearly
solved as described in 4.1. On the other hand, the objective function E;,;;(P) has
many local minima, so a gradient descent method from multiple initial solutions
is applied. Optimal solutions of the period, phase and manifold control points
in the periodic-domain are denoted as P*, sp«, and Y5, respectively.

4.3 Dynamic programming solution

In the second step, in order to extend from a periodic domain to a quasi-periodic
domain, continuous Dynamic Programming (DP) [25] is applied within a so-
called corridor, that is, the neighboring search area from the periodic-domain
phase solution sp+ as Rfdr = {s|sp~; — sedr < g < spx; + stT} under fixed
manifold control points YzE. First, the phase space is quantized by the same
interval as that of the manifold control points (1/N°). This means that the
jth-phase interpolation coincides with the jth control point y. g and that the
phase difference between the jth and kth phases is equal to (j — k) /N°P. Next,
a cumulative cost and the optimal transition from a previous step at the ith
input frame and jth phase are denoted as c(i,7) and p(i, j), respectively, and
the optimal phase is provided by the following DP steps.

1. Initialize cost matrix

(0,5) = lyp- ; —yi'lI*, Vi€ R (23)
2. Update cumulative cost and transition path
p(i,j) =arg min £(i—1,k)+Agp-(j, k)} (24)
keRgdy
c(i, j)=c(i-1,p(i,5)) + Agp~ (4, p(i, j))
HlyP. ~yi"l1?, VieRr:" (25)
NP . 2
- fmin{li—kl i—k+N)} 1
gp+(J,k) < Nep 7P (26)
3. Optimize the terminal phase
pr(N™ —1) = argmine(N™ — 1,j), j€ RifL_, (27)
J
4. Back track
p* (i —1)=p(i,p*(7), VI<i< NP -1 (28)

Finally, the optimal phase s},p is set based on the optimal path {p*(¢)} and the
manifold control points are updated as

Ypp = argmin B(Y'?, sp,p) (29)

Strictly speaking, one can bypass the DP procedure and proceed to the fol-
lowing step where there is a sufficiently small fluctuation in phase from the
periodic solution. On the other hand, in cases with a substantial fluctuation in
phase, the following step may result in local optima only and therefore, the DP
procedure is still essential for finding the global optimum.
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4.4 Iterative solution by quadratic approximation

A crucial procedure in the third step is quadratic approximation of the data term
with respect to the phase within a narrow search range from the DP solution.
First, the DP solution, s}, and Y5, is set as the initial solution for this step,
s% and YPV_ respectively. Then, the narrow search region of the phase at the
rth iteration is set as Rl = {8|8Q s < s < sy ! + ™'} The data term
minimum for the ith phase sg; is found by the Newton method within the
intervals that include at least a part of the search region R]. After the phase
minimizing the data term has been obtained as sdQ(fﬁa’T*, the ith data term in
Eq. (17) is approximated by a Taylor expansion up to the second-order terms as

Fdat dat data,r* dE{"" dat
E7 Y (squ) = Ef " (sg " )+ ——— (sqi = sGi"")
dSQJ data,r*
SQvi:SQ,i
1 dQE{iata,r dat )
3 (s = 552, (30)
Q. Q. _gdata,r*
2 Q.i

Now, the total energy function is a quadratic form with respect to the phase s¢
and thus the optimal phase sg is given as

Nin_1 Nin_1

1 1
_ Edata r ; )\s : i1 — i— 2 31
55" argmm Nm ; (sg.i) + N ; $Q,i+1—8Q, 7P )
st sg, L sl <50 < 50 L4 st (32)
5Qui+1 = SQ,is (33)

where Egs. (32) and (33) are the lower and upper limit constraints and the
monotonically increasing constraints, respectively. As a result, the problem is
formulated as a convex quadratic programming one and is solved by the active
set method. Then the manifold control points at the rth iteration are updated
in the same way as in the previous steps.

YPT = arg mln E(Y?, s57) (34)

These procedures are iterated until convergence by gradually relaxing the man-
ifold smoothness constraint so that the manifold fits the data.

5 Experiments

5.1 Experimental setup

In these experiments, the proposed temporal super resolution method is applied
to low frame-rate quasi-periodic image sequences. We used two different image
sequences: the first is CG data of a conical pendulum viewed from an oblique
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Fig. 1: Periodic image sequences of conical pendulum (top) and gait (bottom) used in
the experiments.

Table 1: Image sequence properties.

Image sequence |Image size [pixel]|Original frame-rate [fps]|Period [sec]
Conical pendulum 64 x 64 - (Arbitrary) 1.17
Gait 88 x 128 60 1.17

direction (Fig. 1(top)), while the other is real data in the form of a silhouette
sequence of a person walking on a treadmill (Fig. 1(bottom)). Regarding the real
data, size normalization and spatial registration are done in advance. Moreover,
images comprising one period are manually extracted as a subsequence and a
completely periodic image sequence is constructed by repeating this subsequence.
The image sizes, original frame rates, and periods of the two image sequences
are listed in Table 1.

Then, low frame-rate periodic image sequences are down sampled from the
original image sequences. In addition, quasi-periodic image sequences are pro-
duced by randomly changing the sampling interval up to a predefined phase noise
level from the linear phase evolution. Figure 2 shows examples of quasi-periodic
image sequences of the conical pendulum at 6 fps and 1 fps, respectively.

Finally, the parameters for the energy minimization framework are deter-
mined experimentally as follows. PCA is exploited for eigenspace projection and
the information loss rate is set to 1%, in other words, the cumulative contribu-
tion ratios of the eigen values is 99%. The number of manifold control points
is 100, and the search range for the dynamic programming s°" and quadratic
approximation s are 0.25 and 0.02, respectively. The smoothness term coeffi-
cients A, and A4 are set to 50.0 and 1.0, respectively, with A, reduced by half,
down to a minimum of 1.0, in the iterative process of quadratic approximation.

5.2 Refinement process

In this subsection, to explain the refinement process throughout the three steps,
i.e., Linear Approximation (LA), Dynamic Programming (DP), and Quadratic
Approximation (QA), we focus on a specific example of the conical pendulum
image sequence, with frame-rate, number of frames, and phase noise set to 3 fps,
67 frames, and 20%, respectively.

First, phase estimation errors in the Ground Truth (GT) are shown in Fig.
3(a). While the estimated phases in LA deviate widely, since LA cannot absorb
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Fig. 2: Examples of input quasi-periodic conical pendulum image sequences with 10%
phase noise at 6 fps (top) and 1 fps (bottom).
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Fig. 3: Phase estimation error on relative phase (left) and manifold in two principal
components of eigenspace (right).

non-linear phase noise, those in DP and QA converge within a small range and
their deviation is approximately periodic. Although phase error biases from GT
(approx. -0.05) are observed in DP and QA, they are not necessarily significant
since phase registration up to a relative relation among all the input frames
is sufficient for temporal super resolution. In other words, only the standard
deviation of the phase estimation errors should be evaluated.

Next, to demonstrate the impact of the phase estimation errors in a more
visual way, image sequences sorted by estimated relative phases are shown in Fig.
4. Based on these results, we can see several significant ”phase backs” in LA and
hence, a sufficiently large manifold smoothness coeflicient A, is essential for the
LA step, otherwise a manifold disturbed by the phase backs is reconstructed.
On the other hand, relative phase orders of DP and QA are almost consistent
with that of the GT and hence, the smoothness coefficient A\, can be relaxed.

Finally, manifolds in the two principal components of the eigenspace are
shown in Fig. 3(b). We can see that the manifoldsf fitness to the input points
improves throughout the three-step phase estimation refinement. In particular,
the fitness of QA is the best, since the smoothness coefficient A, is relaxed in
the iteration process.

5.3 Evaluation

In this section, manifold reconstruction errors and phase estimation errors are
evaluated. First, as for manifold reconstruction, a single period of ground truth
images are initially projected to a manifold reconstructed from a low frame-
rate quasi-periodic input image sequence and then they are back projected to
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Fig. 4: A section of the conical pendulum image sequences sorted by estimated relative
phase. Rows from the top to the bottom indicate LA, DP, QA, and GT, respectively.
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Fig. 5: Performance evaluation of manifold PSNR (top row) and phase error SD (bottom
row) using gait image sequence. The horizontal axis denotes each factor: (a) phase error,
(b) number of frames used, and (c) frame-rate. The vertical axes in the top and bottom
rows indicate the PSNR between the reconstructed manifold and ground truth and the
SD of the phase estimation error, respectively.

the image domain to calculate Peak Signal to Noise Ratio (PSNR) between the
ground truth images and reprojected images. As for phase estimation, errors be-
tween the ground truth phase and estimated phases of the input image sequence
are calculated and then their Standard Deviation (SD) is evaluated, since their
biases are not significant as discussed in the previous section.

The above two items are evaluated with respect to three factors: (1) phase
noise, (2) number of frames used, and (3) frame-rate as shown in Fig. 5. The
baseline settings for the three factors are 20%, 67 frames, and 3 fps, respectively.

As for the phase noise (Fig. 5(a)), although LA achieves the lowest phase
error SD in the case of lower phase noise, both the manifold PSNR and the
phase error SD in LA deteriorate in proportion to an increase in phase noise. On
the contrary, such degradations in DP and QA are suppressed within a certain
range.
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Regarding the number of frames used (Fig. 5(b)), the performance naturally
improves as the number of frames increases in DP and QA. On the other hand,
the performance in LP does not improve in proportion to the frames used. This
is because LP does not solve non-linear phase noise, and besides, an increase in
the phase-error input points in the eigenspace makes the manifold reconstruction
worse.

Regarding frame-rate (Fig. 5(c)), the manifold reconstruction PSNRs im-
prove slightly as the frame-rate increases. On the other hand, critical phase
errors are observed in an extremely low frame-rate (1 fps and 2 fps) and this is
discussed further in the next section.

6 Discussion

In this section, prerequisites and limitations of the proposed temporal super
resolution are discussed. In cases where a periodic image sequence is observed
at a coarse sampling interval compared with its period, we need to consider two
main issues: (1) the stroboscopic effect (temporal aliasing), and (2) the wagon
wheel effect as reported in [13].

The stroboscopic effect typically occurs when the sampling interval coincides
with the period of a moving object. In such cases, the observed image sequence
appears to be standing still because the observed images are always the same
even though the object is actually moving periodically.

From this observation, we can introduce a theoretical upper bound of the tem-
poral super resolution from a single period image sequence. Intuitively speaking,
temporal super resolution is impossible when each phase in one period is exactly
the same as the corresponding phase in the other periods, that is, the period in
the frame domain is not a sub-frame order, but merely a frame order defined as
an integer. Let us consider a low frame-rate periodic image sequence and denote
its period in the frame domain P’ [frame]. Then, assume that the period P’ is
expressed as a fraction by relative prime numbers, m and n,

P’:%GQ, m,n € N. (35)

Now, if n = 1, the period P’ is degraded from a fraction to an integer, that is, the
period is just a frame order and the temporal super resolution is impossible. On
the other hand, if n > 1, the period P’ is a sub-frame order and hence different
phase images can be observed among multiple periods and the temporal super
resolution is possible. In summary, the low frame-rate image sequence can be
up-converted to a n-times frame-rate, if m input frames are given.

The wagon wheel effect typically occurs when the sampling interval is slightly
smaller than the period of a moving object as shown in the bottom row of Fig. 2,
where the sampling interval and period are 1.0 sec and 1.17 sec, respectively. In
this case, the false minimum by backward play competes with the true minimum
by forward play, and then the false minimum is often adopted in the LA step
as shown in Fig. 6. This is the reason that the critical phase errors occur in the
extremely low frame-rate in Fig. 5(c).
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Fig. 6: False period detection by ”Wagon wheel effects” in the LA step. The horizontal
and vertical axes denote period and energy, respectively. False minimum by backward
play (blue broken circle) competes with true minimum by forward play (red broken
circle) at 1 fps, while true minimum is obviously the global minimum at 6 fps.

7 Conclusion

This paper described a method for temporal super resolution from a single quasi-
periodic image sequence. The temporal super resolution was formulated as simul-
taneous phase registration and reconstruction of a manifold of the periodic image
sequence in a phase parametric eigenspace. An energy minimization framework
considering data fitness, and the smoothness of both the manifold and the phase
evolution, was introduced and solved through three-step coarse-to-fine proce-
dures to avoid local minima. Experiments using synthesized conical pendulum
and real gait silhouette scenes were conducted to evaluate the effects of phase
noise, the number of frames used, and frame-rate on the PSNR of the manifold
reconstruction and the standard deviation of the phase estimation errors.

In this paper, we focused mainly on phase registration while ignoring blur
effects, and hence, it is necessary, in future, to include the blur effects in the
manifold reconstruction framework. Moreover, not only phase fluctuation, but
also inter-period image deformation (e.g., view or speed transition in gait scenes)
should be considered for real applications.
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